THE MEASURABILITY OF A STOCHASTIC PROCESS OF SECOND ORDER
Let T be a separable metric space and B(~) the a-algebra of Borel sets of T, and let X t , t€:T, be a real stochastic process on the probability space (nfI?). X t ,t6,T, is called measurable if the map (t,w)+Xt(w).
is B(T)xF-measurable. A process Y t
, t~T, on (n,F,p) is called a modification of Xt,t€T, if P{Xt=Yt}=l for all t in T. Xt,t€T, is of second order if
E(X~)<+= for all t in T, and then its autocorrelation R is defined bỹ R(t,s)aE(XtXs) for all t,s in T. It is clear from Fubini's theorem that
if a second order process Xt,t€T, has a measurable modification then R is B(T)xB(T)-measurable. That the measurability of R is not sufficient for the existence of a measurable modification of Xt,t€T, is demonstrated in Remark 2. It is thus of interest to find a condition which along with th~measurab1lity of R would imply the existence of a measurable modification of Xt,t€T. This question is answered in Theorem 1, where in fact necessary and sufficient conditions are given for a second order process to have a measurable modification. A remarkable consequence of these conditions is that the existence of a measurable modification of a second order process is a second order property.
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The proof of Theorem 1 is based on the necessary and sufficient conditions for a process (not necessarily of second order) to have a measurable modification given in [5] , which are expressed as follows (here the terminology of (6) is followed). Let M be the space of all real random variables on (O,F,p) with the topology of convergence in probability, where random variables that are equal a.e. [P) are considered identical. If t is a real random variable, its class in M is denoted by [t] . Then Xt,t~T, has a measurable modification if and only if the map from T to M taking t to [X ] is measurable and has separable t range [5, 6] . Moreover, thei measurable modification can be taken to be separable and also progressively measurable, the latter if T is an interval and a nondecreasing family Ft,t~T, of sub-a-a1gebras of F is given.
For a second order process Xt,t~T, we deri0te by H(X) the closurẽ in L 2 (O,F,P) of the linear space of the random variables {Xt,t~T} and we call it the linear space of the process. We also de11.ote by R(K) the reproducing kernel Hilbert space of a real, symmetric, nonnegative definite function K on TxT. It is well known that R(R) consists of all functions f on T of the form f(t)aE(;X t ), t~T, for. some tEH(X), and that the map t+E(tXt) defines an inner product preserving isomorphism between H(X) and R(R) [16, p.302] . THEOREM 1. Let Xt,tET, be a real, second order process with autocorrelation R.. The following are equivalent.
(i) Xt,tET, has a measurable modification.
(ii) R is B(T)xB(T)-measurable and H(X) (or R(R» is separable.
PROOF. (a) We first show that (ii) implies (i). It suffices tõ
verify the conditions of [5, 6] ; the construction of a measurable modi-·e fication is the same as in [5] or in [6] .
Since convergence in L 2 (O,F,P) implies convergence in probability, We now consider the general case and define for N =1, 2 e The "il''' part is obvious. The "only 1f" part is shown as folloY1s. We ·e have m(t) = E(Xtl n ) for all t in T, where I is the indicator function.
Denote by~the projection of I n €L 2 (n,F,p) onto the subspace H(X).
Then met) = E(Xt~) for all t in T and~€H(X), and thus m€R(R). Since (ii) R is 8(T)xB(T) -measurable.
PROOF. It suffices to show that (i) implies (ii). Since R symmetric, nonnegative definite and real, there exists a probability space (n,F,p) and a real process Xt,teT, on it with autocorrelation R. It is clear from part (a) of the proof of Theorem 1 that the separability of R(R) and (i) imply the existence of a measurable modification of Xt,tET, and thus (ii). This result can be shown in a simpler way without using an associated tit 00 orthonormal set in R(R), process. Indeed, if {an}n=l is a complete then it is easily seen that R(t,s) = Ln:l an(t) a (5) for all t,s in T. Now n (i) implies as in part (a) of the proof of Theorem 1 that every a is n B(T) -measurable and thus (ii) holds. 0 COROLLARY 2. A second order process X t , teT, which satisfies any of the following conditions has a measurable modification (in(iii) also progressively measurable).
(i) X t ' tET, is weakly continuous on T.
(ii) T is an arbitrary interval and X t ' tET, has orthogonal increments.
(iii) T is an abitrary interval and X t ' teT, is a martingale. H(X') S H(X} , the conclusion follows from Theorem 1.
We conclude this section with a property which is useful in con-
.~nection with problems involving conditional probabilities; such as for instance the existence of jointly measurable densities (see [9, pp. 616-617]) and properties related to metric transitivity (see [17, Ch. 
IV. 8]).
A a-algebra is called separable if it is generated by a countable class of sets. A sub-a-algebra F' of F is said to coincide mod owith the a-algebra F if for every set E in F there is a set E' in F' such that P(E6E') = O. Let F(X) be the sub-a-algebra of F generated by the random variables {X t ' t€T}. It is kno~m that if X t is continuous in probability on T, F(X) coincides mod 0 with a separable a-algebra. Before stating the theorem we mention a few basic facts about random measures, that can be found for instance in [7, 16] . Let (V,V) be a (ii) If H(X) is separable, then for every measurable space (V,V) and every finite signed measure II on VxV which is symmetric and nonnegative difinite on the measurable rectangles of VxV, and such that A 2 (ll) is separable and infinite dimensional, X t has a representation
where Z is a random measure on V with corresponding measure II and f(t,.)€A 2 (ll) for all t in T. Conversely, if X t has such a representation, H(X) is separable.
PROOF. (i) being a particular case of (ii), we will prove only (ii). We start with the second claim. If X t has such a representation e then Xt€H(Z) for all t in T, hence H(X)~H(Z) and the conclusion follows from the isomorphism between H(Z) and A2(~) and the separability of Throughout the proof we will write <.,.> for <.">A 2 (lJ). Thus for all n, A is a finite signed measure on (V,V). We also have
n n defines a function from V to L 2 (n,F.p) (the convergence being in L 2 (n,F,p».
We will show that Z is a random measure with corresponding measure~. We now s'how that for every g in A (V) and A2(~). If V is an interval and V its Borel sets, complete -4It orthonormal sets in L 2 (v) are given in [13] (see also [2] ), and complete sets in A2(~) are given in [3] (In [3] the case where V is the entire real line is treated and the case where V is an interval can be treated similarly). If neither an integral nor a series representation of X t is available, the problem arises how to obtain explicitly. such a representation (in terms of the process X t te:T, and its auto correlation R).
This problem is solved in [4] 
